Abstract. Histogram Monte Carlo simulation is used to investigate effects of biquadratic exchange J 2 on phase transitions of a 3D classical XY antiferromagnet with frustration induced by the antiferromagnetic exchange J 1 and the stacked triangular lattice geometry.
I. Introduction
The problem of biquadratic or generally higher-order exchange interactions in systems with Heisenberg symmetry has been addressed in several mean field approximation (MFA) studies 1 -3 , by high-temperature series expansion (HTSE) calculations 4 , as well as within a framework of some other approximative schemes 5, 6 . It has been shown that such interactions can induce various interesting properties such as tricritical and triple points, quadrupole ordering, separate dipole and quadrupole phase transitions etc. Much less attention, however, has been paid to this problem on systems with XY spin symmetry. Chen et.al 7, 8 calculated transition temperatures and the susceptibility critical indices for an XY ferromagnet with biquadratic exchange on cubic lattices by the HTSE method for limited region of J 1 /J 2 .
However, the rigorous proof of the existence of dipole long-range order (DLRO), corresponding to the ferromagnetic directional arrangement of spins, and quadrupole long-range order So far, however, to our best knowledge there has been no investigation of the effect of the biquadratic exchange on an XY model with frustrated/competing exchange interaction.
In this paper we present systematic investigations of the role of the biquadratic exchange in phase transitions of the geometrically frustrated XY antiferromagnet on stacked triangular lattice (STL). This model has been argued to possess some unique properties such as novel chiral universality class critical behavior 13, 14 , but many more remarkable features have been observed when the effects of external magnetic field 15 and next-nearest neighbors 16 were considered. In the present work, the effect of the biquadratic exchange is also found to bring about variety of interesting phenomena, such as regions of first order transitions, separate magnetic and quadrupolar ordering, transitions of different universality classes, etc.
II. Model and computation details
We consider the XY model, described by the Hamiltonian
where
) is a two-dimensional unit vector at the ith lattice site and the sums i, j , i, k and i, l run over all nearest neighbors (NN), NN in the xy-plane, and NN in the stacking z-axis direction, respectively. We consider the bilinear exchange interaction J 1 < 0, the biquadratic intra-plane and inter-plane exchange interactions J ⊥ 2 < 0 and J 2 > 0, respectively, with |J
Assuming periodic boundary condition, spin systems of the linear lattice sizes L = 12, 18, 24 and 30 are first used in SMC simulations. For a fixed value of the exchange ratio |J 1 |/|J 2 |, we start the simulation process at low (high) temperatures from an antiferromagnetic/random (random) initial configuration and gradually raise (lower) temperature. These heating-cooling loops serve to check possible hysteresis, accompanying first-order transitions.
As we move in (|J 1 |/|J 2 |, k B T /|J 2 |) space, we use the last spin configuration as an input for calculation at the next point. We sweep through the spins in sequence and updating follows a Metropolis dynamics. In the updating process, the new direction of spin in the spin flip is selected completely at random, without any limitations by a maximum angle of spin rotation or allowed discrete set of resulting angle values. Thermal averages at this stage are calculated using at most 1 × 10 5 Monte Carlo steps per spin (MCS/s) after thermalizing over another 0.5 × 10 5 MCS/s. We calculate the system internal energy E and some other physical quantities defined as follows: the specific heat per site c c = (
the dipole LRO (DLRO) parameter m,
where M α is the αth sublattice-magnetization vector (note that the present model has six equivalent magnetic sublattices), given by
the quadrupole LRO (QLRO) parameter q,
the chiral LRO (CHLRO) parameter κ,
where the summation runs over all upward triangles on the triangular layer and κ p represents a local chirality at each elementary triangular plaquette, defined by
where the summation runs over the three directed bonds surrounding each plaquette, p, and 
the logarithmic derivatives of O and O 2 with respect to
the fourth-order long-range order cumulant U (Binder parameter)
and the fourth-order energy cumulant V way we can obtain quality data for FSS analysis which determines the order of the transition and, in the case of a second-order transition, it also allows us to extract critical indices. For example, the energy cumulant V exhibits a minimum near critical temperature T c , which
in the limit L → ∞ for a second-order transition, while V * < 2 3
is expected for a first-order transition 17, 18 . Temperature-dependences of a variety of thermodynamic quantities display extrema at the L-dependent transition temperatures, which at a second-order transition are known to scale with a lattice size as, for example:
where ν O and γ O represent the correlation length and susceptibility critical indices, respectively. In the case of a first-order transition (except for the order parameters), they display a volume-dependent scaling, ∝ L 3 . The simulations were performed on the vector supercomputer FUJITSU VPP700/56.
III. Chirality on frustrated quadrupoles
It has been known for some time that the frustrated spin system on triangular lattice possesses the chirality κ as defined in Eqns. (7, 8) 19 . Due to the chirality the system has twofold degeneracy of the ground state (κ = +1 and κ = −1), resulting in the structure with spins arranged on plaquettes with turn angles +120
• and −120
• , respectively ( Fig.1(a) ).
A minimum energy condition is realized by an arrangement in which the + and − plaquettes alternate, producing long-range chiral order at low temperatures. Such a system has been argued to belong to a nonstandard universality class linked to the two-fold chiral degeneracy inherent to the 120
• ordered spin structure 13,14 , the critical behavior of which is characterized by critical indices, different from those for non-frustrated systems with the same spin symmetry. Since the present Hamiltonian includes both bilinear and biquadratic terms, let us take a closer look at the opposite side of the exchange ratio spectrum and investigate critical behavior of the system with only biquadratic exchange interaction, i.e.
the case of J 1 = 0. If J ⊥ 2 < 0 (the sign of J 2 is irrelevant in the present consideration) the quadrupolar system is frustrated due to the triangular lattice geometry, resulting in a non-collinear ground state. The non-collinear ground state arrangement resembles the 120
• structure of the antiferromagnetic system, however, here, the spins can point in either direction within the given axis (for illustration see the snapshots in Fig.12 ). As far as the chirality κ is concerned, such a system has four-fold degeneracy in the ground state of each
), resulting in the structure with four possible turn angles between two neighboring spins ±120
• , ±60
• . However, there is no energetically favorable arrangement among the four kinds of plaquettes and, hence, the plaquettes do not order even at low temperatures. Nevertheless, even for such a system we can define the quantity analogous to the chirality of the antiferromagnetic system (let us call it the quadrupolar chirality) if we consider instead of spins their axes and turn angles between the axes, which are again ±120
• . If we define the local quadrupolar chirality as
and the quadrupolar chirality LRO parameter (QCHLRO) κ q as
concerning such defined quadrupolar chirality, the system will have two-fold degeneracy of the ground state (κ q = −1 and κ q = +1, corresponding to turn angles +120
• , respectively ( Fig.1(b) )), and the situation will much resemble the one for the antiferromagnetic system with the chirality κ. Furthermore, in analogy with the chirality κ which is believed to order along with spins, here, the quadrupolar chirality κ q is expected to show LRO simultaneously with quadrupoles.
IV. FSS analysis and phase diagram
We first consider the case of J 2 = 0. To determine the order of the transition we analyze the scaling behavior of the minimal value of the energy cumulant V at the transition temperature. As shown in Fig.2 , V tends to the value of 2/3, as expected for a second- respectively (Figs.3,4) . Also the values of the critical indices are in fair agreement with the two previous studies 13, 16 , however, as far as the universality class is concerned the situation here is not so straightforward and will be discussed later.
The order of the transitions changes, however, when even a comparatively weak biquadratic exchange interaction is introduced. Although it is very hard to observe the typical first-order behavior for small values of |J 2 |, if the lattice sizes are taken sufficiently large the signs of the discontinuous transition show up. This is seen in Fig.5 in which the bimodal (double-peak) energy distribution becomes clearly recognizable if L ≥ 30, for the case of
. As |J 2 | is increased, the first-order features of the transition are becoming more and more apparent. Fig.11 and some relevant numerical results listed in Table 1 .
V. Summary and discussion
We studied effects of the biquadratic exchange on the phase diagram of the frustrated classical XY antiferromagnet on STL. This study, which to our best knowledge is first for the studied system, covered most of the significant phenomena induced by the presence of the biquadratic exchange, and present a fairly compact picture of the role of this higherorder exchange interaction on the critical behaviour of the system considered. We obtained the phase diagram with two ordered phases: in the region where the bilinear exchange is dominant there is a single phase transition to the DLRO phase, which is second order at 12 . We believe that the mechanism responsible for this transition in the present case is similar to that in the case of the ferromagnet, i.e., it could result from a kind of tension between the bilinear and biquadratic exchange interactions, which in the present case seems to be enhanced by the presence of the frustration and consequently causing broadening of the first-order transition region. Namely, while the decreasing bilinear exchange drives the transition temperature down to the lower values, the biquadratic exchange does not follow this tendency and rather prevents the ordering temperature from rapid decrease. This tendency is clearly seen from the phase diagram both in the region of separate transitions, where T q does not vary much with decreasing |J 1 |/|J 2 |, as well as in the region of simultaneous ordering, where the transition temperature is apparently enhanced by the presence of the biquadratic exchange (the case of absent biquadratic exchange is represented by the dash-dot straight line in (|J 1 | − k B T c ) parameter space). Put differently, quadrupoles would prefer ordering at higher temperatures but as long as there is a single transition they are prevented to do so by too low bilinear exchange, and order occurs only if the temperature is lowered still further.
This "frustration" results in a first-order transition when the strength of the quadrupole ordering prevails and frustrated quadrupoles order abruptly along with dipoles. However, when |J 2 | reaches high values the frustration becomes too high for the two kinds of ordering to occur simultaneously and they separate. In order to understand the first-order DLRO transition and QLRO parameter discontinuity in the region just below the point of the separation, we analyzed snapshots (not shown) for |J 1 |/|J 2 | = 0.25 just before the DLRO sets in. In the snapshots we could observe fairly large clusters of antiferromagnetically ordered spins along the stacking direction, which is non-frustrated and in which spins seem to order more easily than within frustrated planes (Note that in the case of the non-frustrated parallel (ferromagnetic) ordering the transition temperature is roughly twice as higher as in the present case 12 ). These clusters reorient at the transition as a whole, and such a way may produce discontinuities in the order parameter and internal energy i.e., a first-order transition. Besides those clusters, we could also observe smaller intra-plane clusters of spins the axes of which show local parallel ordering. At the DLRO transition, the spins in these clusters (and also their axes) reorient into the 120
• spin structure, which may result in the small discontinuity of the QLRO parameter, seen in Fig.9 . The separate QLRO is appar- . The situation is illustrated in Figs.12(a,b) . In the QLRO (and no DLRO) region, there is an axial quadrupole ordering on each of the three sublattices ( Fig.12(a) ) and only upon further lowering of the temperature the system reaches the QLRO+DLRO phase in which the Ising-like directional dipole ordering within the given axis in each sublattice takes place ( Fig.12(b) ). Therefore, here, the only difference from the Ising case is that dipoles can order along any of the three axes, not only the z-axis.
Our further intention is to perform similar simulations on the STL antiferromagnet for some other interesting cases, like: J
Besides the geometrical frustration, such spin systems will possess additional frustration arising from the bilinear and biquadratic exchanges competing in the stacking direction, intra-plane direction, and both stacking and intra-plane directions, respectively. 
